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Quasi-brittle materialThe Stillinger–Weber (SW) potential, which is a combination of the two- and three-body interaction,
states that the bond energy is not only related to the distance between atoms, but also related to the bond
angles subtended by this given bond and other bonds. The bond energy mechanism presented by the SW
potential is different from that by the classical potentials, such as the Lennard–Jones, Tersoff and Embed-
ded Atom potentials. Different micro energy mechanism reveals different micro fracture mechanism. The
original SW potential takes the ‘ideal’ tetrahedral angle as the reference value of each bond angle in the
current conﬁguration, which makes it only applicable to the silicon materials. However, the micro frac-
ture mechanism revealed by the SW potential should not be conﬁned to the silicon materials. To extend
the SW potential to a wider range of materials, the value of the bond angle in the reference conﬁguration,
not the ‘ideal’ tetrahedral angle, is taken as the reference value of this bond angle in the current conﬁg-
uration. Based on this modiﬁed SW potential, a constitutive model is developed. By this way, the micro
fracture mechanism invoked by the SW potential is incorporated into the constitutive relation. Through
this proposed constitutive model, it is found that the Hookean matrix derived from the SW potential
matches that of a linear elastic continuum, which suggests that there exists a corresponding relationship
between the micro physical parameters of SW potential and the macro material constants. The corre-
sponding micro–macro parameter relationship is derived in this paper. To examine the application of this
method to other materials, it is used to simulate the mixed fracture growth in concrete under static and
dynamic load. The simulation results suggest that the present method can capture the characters of frac-
ture growth in the quasi-brittle materials. It suggests that the constitutive model based on the modiﬁed
SW potential can be applied to materials other than silicon. Because the interatomic potential-incorpo-
rated constitutive model makes the fracture criterion as the intrinsic property of a constitutive relation,
it presents many advantages in fracture simulation. This paper enriches the constitutive relation with the
micro fracture mechanism presented in SW potential, providing a new micro constitutive model for
materials. Besides this, it also provides a feasible approach to calibrating the parameters of the SW poten-
tial for a certain material.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
It is known that molecular dynamics is the most precise fracture
simulation method by far. The underlying reason is that it can cap-
ture the micro fracture mechanism of material. But due to the
length and time scale, it cannot be extended to the problems of
engineering scale. A feasible approach to this problem is to develop
a constitutive model based on the micro bond potential and build
the micro fracture mechanism into the macro constitutive relation.
By this way, the internal degrees of freedom can be dramatically
reduced on the one hand. On the other hand, the main micro
fracture mechanism contained in the micro bond potential canbe preserved in the constitutive relation. Thus, the interatomic
potential-incorporated constitutive model has many advantages
in fracture simulation. To develop the interatomic potential-incor-
porated constitutive model, the Cauchy–Born rule (Milstein, 1980;
Tadmor et al., 1996) provides an important approach to bridging
the gap between the degrees of freedom of ‘atoms’ and the macro
displacement ﬁeld. According to the Cauchy–Born rule, a micro
bond in the reference conﬁguration can be mapped to the current
conﬁguration by the deformation gradient. And then in the frame-
work of hyperelastic theory, the constitutive relation based on the
micro bond potential is derived. He and Li (2012) proposed a micro
mechanical constitutive model based an Embedded Atom potential
(Daw and Baskes, 1983). Li et al. (2012) and Zeng and Li (2010)
embedded the Lennard–Jones potential into the constitutive rela-
tion of the bulk material and developed the multiscale cohesive
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talline solids. The merit of Li and Zeng’ work is that both the con-
stitutive models of the bulk material and the cohesive zone are
based on a certain interatomic potential. Before a critical yielding
point, the cohesive zone has the same mechanical properties as
the bulk material. After this yielding point, the cohesive zone soft-
ens whereas the bulk material does not, which automatically con-
ﬁnes the fracture in the cohesive zone. The fracture mechanism
represented by their models is more physically sound. To study
the nanotube modulus, Zhang et al. (2002) incorporated the
many-body potential (Tersoff, 1988; Brenner, 1990) into the con-
tinuum constitutive relation. Liu et al. (2010) embedded not only
the interatomic potential, but also two energy-based lattice insta-
bility criteria into the constitutive relation to capture the stress-
driven instabilities of a perfect crystal. These methods are all based
on the rigorous realistic interatomic potentials. The macro
mechanical properties of material can be directly obtained by the
micro bond parameters, providing an approach to linking the micro
and macro scale mechanical properties.
Different fromthemethodsmentionedabove, thevirtual internal
bond (VIB) (Gao and Klein, 1998) develops the constitutive relation
of the bulk material based on a postulated microstructure, which
consists of randomized material particles. These material particles
are connected with virtual internal bonds. The micro cohesive bond
network of VIB is an abstract of the real microstructure of material.
To compute the strain energydensityof a representativevolumeele-
ment, a bond distribution density function is introduced. Themacro
constitutive relation is derived by a homogenization process. The
micro bond parameters are calibrated through the macro material
constants. The particle in VIB is unnecessary to be the real atom
and the potential is also unnecessary to be the realistic interatomic
potential, which makes the VIB method more ﬂexible. Though the
VIB cannot represent the speciﬁc lattice structure in its constitutive
relation due to the homogenization process, it can capture the cohe-
sive properties between micro particles through a phenomenologi-
cal two-parameter potential. Hence, it also presents many
advantages in fracture simulation. Later, Zhang and Ge (2005,
2006) considered the bond rotation effect by introducing the shear
bond into the VIB while Zhang and Gao (2012) directly used the
Xu–Needleman potential (Xu and Needleman, 1994) to simulta-
neously account for the effect of bond stretch and bond rotation.
Due to accounting for thebond rotation effect, theVIB canbe applied
to materials with variable Poisson ratios. Along this line, there are
many other micro–macro constitutive models (e.g. Chang and Hi-
cher, 2005; Misra and Yang, 2010; Zhao and Zhao, 2012).
The advantages of the interatomic potential-incorporated con-
stitutive model in fracture simulation stem from the fact that the
fracture criterion invoked by the interatomic potential has been
embedded into the constitutive relation as an intrinsic property.
Different micro bond potential presents different micro energy
mechanism, therefore, reveals different micro fracture mechanism.
For example, the Lennard–Jones potential holds that the bond en-
ergy is only related to the distance between atoms. The Tersoff po-
tential insists that the bond energy is not only related to the
distance between two atoms, but also related to the other atoms.
It accounts for the effect of other atoms via the coefﬁcients of the
two-body potential. The Embedded Atom potential states that
the interaction between atoms is not only determined by the dis-
tance between atoms, but also related to the electron charge den-
sity of other atoms. Hence, it can be written into the combination
of the two-body potential and the embedding function. The micro
fracture mechanisms invoked in these classical interatomic poten-
tials have been incorporated into the constitutive models men-
tioned above. But these micro fracture mechanisms are still
inadequate to predict the fracture behaviors of a wider range of
materials. Thus, more micro fracture mechanisms are required.The Stillinger–Weber (SW) potential (Stillinger and Weber,
1985) presents a different micro energy mechanism than those
interatomic potentials mentioned above. It holds that the bond en-
ergy between two atoms is not only related to their distance, but
also related to all the bond angles subtended by the given bond
and other bonds. It is a combination of the two- and three-body
interaction. Such micro energy mechanism has never been incor-
porated into the constitutive relation so far. It is undoubted that
the SW potential has been successfully applied to the crystalline
silicon materials since it was born. One of the underlying reasons
lies in that the three-body interaction of SW potential takes the
‘ideal’ tetrahedral angle as the reference value of each bond angle
in the current conﬁguration. However, the micro energy mecha-
nism presented in SW potential should not be conﬁned to the sil-
icon materials. To extend the SW potential to other materials and
enrich the constitutive relation with diverse micro fracture mech-
anisms, we make a modiﬁcation on the SW potential in this paper.
That is the value of the bond angle in the reference conﬁguration,
not the ‘ideal’ tetrahedral angle, is taken as the reference value of
this bond angle in the current conﬁguration. Based on this modi-
ﬁed SW potential, we develop a constitutive model. It is found that
the proposed constitutive relation can be used to the materials
other than the silicon and there exists a corresponding relationship
between the micro physical parameters of SW potential and the
macro material constants.
2. Brief review on the original SW potential and its modiﬁed
version
In molecular dynamics, the potential energy function of a dis-
crete system with N particles can be written into
Uð1; . . . ;NÞ ¼
X
i
U1ðiÞþ
X
i;j
i<j
U2ði; jÞþ
X
i;j;k
i<j<k
U3ði; j;kÞþ   þUNði; . . . ;NÞ
ð1Þ
in which the term U1 means the single-particle potential, describing
wall and external forces to which the system is subject; U2 the pair
(two-body) potential; U3 the three-body potential accounting for
the bond angle effect; UN the N-body potential. In order to make
Eq. (1) useful in the usual types of theoretical modeling, it is neces-
sary that the component functions Un converge quickly to zero with
increasing n (Stillinger and Weber, 1985).
The pairwise potential U2 is the simplest one which is the func-
tion of the distance between the two related particles. It only ac-
counts for the bond stretch effect. If such potential is reduced to
the linear case, only one parameter, say the bond ‘stiffness’ coefﬁ-
cient, governs the entire discrete system. However, on the macro
scale, two parameters (Young’s modulus and the Poisson ratio)
characterize a linear elastic medium. The number of micro param-
eters does not match that of the macro parameters. Hence, the dis-
crete system described by the pairwise potential has a ﬁxed
Poisson ratio.
In the SW potential (Stillinger andWeber, 1985; Pizzagalli et al.,
2013), the total energy U is obtained as a combination of two- and
three-body interactions
U ¼
X
i<j
U2ðrijÞ þ
X
i–j
j<k
U3ðrij; rik; hijkÞ ð2Þ
The two- and three-body interaction of SW potential are
respectively
U2ðrijÞ¼A B ‘0rij
 p
 ‘0
rij
 q 
exp
1
rij=‘0 r0
 
U3ðrij;rik;hjikÞ¼ k coshjikþ13
 2
exp
c
rij=‘0 r0
 
exp
c
rik=‘0 r0
 
ð3Þ
(a)
10
9.5
(b)
Fig. 2. The particle conﬁguration (a) the randomized conﬁguration in which the
particles are randomly scattered; (b) the structured conﬁguration in which the
bonds form an ideal tetrahedron. The conﬁguration transformation from (a) to (b) is
driven by the three-body interaction U3.
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i; rij the bond length of bond rij; r0 the cutoff radii; the 1=3 being the
minus cosine of the ‘ideal’ tetrahedral angle. The parameters A; k,
here, implicitly contain the energy scaling parameter e of the origi-
nal two- and three-body interaction of Stillinger and Weber (1985).
Eq. (2) indicates that the bond energy due to bond rotation is re-
lated to all the bond angles subtended by this given bond and other
bonds. For example, in a discrete system with N particles shown in
Fig. 1, let rI denote the bond vector rij and rI its length; rJ the bond
vector rik and rJ its length; hIJ the bond angle hjik. The energy of the
bond rI due to bond rotation is related to all its conjugate bonds
r1J ; r
2
J ; . . . ; r
N2
J , whose total number is N  2. So, Eq. (2) can be
rewritten as
U ¼ 1
2

XNðN1Þ
I¼1
U2ðrIÞ þ 12 
XNðN1Þ
I¼1
XN2
J–I
U3ðrI; rJ ; hIJÞ ð4Þ
It is obvious that the micro energy mechanism presented in the SW
potential is different from the other potentials, as analyzed in the
Introduction Section. According to Eq. (3), the three-body interac-
tion of the original SW potential takes the ‘ideal’ tetrahedral angle
as the reference value of each bond angle in the current conﬁgura-
tion. That means the ideal tetrahedral lattice structure is the most
stable one. This makes SW potential suitable for the silicon materi-
als. However, the micro energy mechanism should not be conﬁned
to the silicon materials. To extend the SW potential to other mate-
rials, we should wipe off the topology information of SW potential
in that the value of the bond angle in the reference conﬁguration,
not the ‘ideal’ tetrahedral angle, should be taken as the reference
value of this bond angle in the current conﬁguration.
Additionally, in the up-scaling constitutive modeling method by
homogenization, the material particles are usually assumed to be
randomly distributed in a representative element and the refer-
ence conﬁguration should be an equilibrium system. However,
the reference conﬁguration of the randomized particles governed
by the original SW potential is not an equilibrium system and
would be forced into a structured conﬁguration, shown in Fig. 2.
Hence, we should, at ﬁrst, modify the SW potential.
According to the analysis above, the two- and three-body inter-
action in the modiﬁed SW potential should read
U2ðrI=‘0Þ¼U2ð~rIÞ¼AðB~rpI ~rqI Þexpðh1I Þ
U3ðrI=‘0;rJ=‘0;hIJÞ¼U3ð~rI;~rJ ;hIJÞ¼kðcoshIJcoshIJ0Þ2 expðch1I þch1J Þ
ð5Þ
in which ~rI;~rJ are the normalized bond length, ~rI ¼ rij=‘0, ~rJ ¼ rik=‘0;
hI ¼ ~rI  r0, hJ ¼ ~rJ  r0; hIJ0 means the bond angle subtended by
bond rI and rJ in the reference conﬁguration. The derivatives of
U2;U3 with respect to ~r and hIJ are listed in Appendix A.Ir
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Fig. 1. The conjugate bond vectors subtended at a given particle i in a discrete
system with N particles. (The total particle number is N. The bond number of rI is
NðN  1Þ and its conjugate bond number is N  2 with the condition rij – rji.)3. General formula of constitutive relation
To develop a constitutive model, let’s take a representative
volume element as the analysis object. On the micro scale, the
representative volume element of a continuum is considered to
consist of randomized material particles, shown in Fig. 3. In the
representative volume element, rI , rJ are two conjugated vectors
subtended at a certain vertex in the current conﬁguration, whose
orientation vectors in the reference conﬁguration are
n ¼ ðsina cosu; sina sinu; cosaÞT and g ¼ ðsin a cos u; sin a sin u;
cos aÞT in the spherical coordinates, respectively. Assume that all
the bonds in the reference conﬁguration have the same length ‘0,
shown in Fig. 3a. According to Cauchy–Born rule, the lengths of
the bond rI , rJ are respectively calculated as
rI ¼ ‘0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nTFTFn
q
¼ ‘0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nTð2Eþ IÞn
q
rJ ¼ ‘0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gTFTFg
q
¼ ‘0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gTð2Eþ IÞg
p ð6Þ
in which F is the deformation gradient; E the Lagrangian strain ten-
sor and I the identity tensor.
And the bond angle hIJ is calculated as
hIJ ¼ arccos n
TFTFgﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nTFTFn
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gTFTFg
q
0
B@
1
CA
¼ arccos n
Tð2Eþ IÞgﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nTð2Eþ IÞn
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gTð2Eþ IÞg
p
0
B@
1
CA ð7Þ
According to Eq. (4), the strain energy density of the represen-
tative volume element is
W ¼ 1
V
 1
2

XNðN1Þ
I¼1
U2ðrIÞ þ 1V 
1
2

XNðN1Þ
I¼1
XN2
J–I
U3ðrI; rJ ; hIJÞ ð8Þ
where V is the volume of the representative volume element and N
is the total particle number in a representative volume element.
If the bonds are uniformly distributed and the number is large
enough, the strain energy density (Eq. (8)) can be written into
the integral form
W ¼ 1
2V
 hU2ðrIÞ  DIi2 þ
1
2V
 hU3ðrI; rJ ; hIJÞ  DI  DJi3 ð9Þ
in which the operators h   i2, h   i3 are
h   i2 ¼
R 2p
0
R p
0 ð  Þ sina dadu for 3D-casesR 2p
0 ð  Þ da for 2D-cases
(
h   i3 ¼
R 2p
0
R p
0
R 2p
0
R p
0 ð  Þ sin a sina dadudadu for 3D-casesR 2p
0
R 2p
0 ð  Þ dada for 2D-cases
( ð10Þ
(a) (b)
Fig. 3. The representative volume element in (a) the reference conﬁguration and (b) the current conﬁguration.
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respectively,
DI ¼
NðN1Þ
4p for 3D-cases
NðN1Þ
2p for 2D-cases
(
; DJ ¼
N2
4p for 3D-cases
N2
2p for 2D-cases
(
ð11Þ
For the detailed derivation from Eq. (8) to Eq. (9), refer to Appendix
B.
Within the framework of hyperelastic theory, by Eq. (9), the
stress tensor is derived as
Sij ¼ @W
@Eij
¼ DI
2V
 @U2
@rI
 @rI
@Eij
 
2
þ DIDJ
2V
 @U3
@rI
 @rI
@Eij
þ @U3
@rJ
 @rJ
@Eij
þ @U3
@hIJ
 @hIJ
@Eij
 
3
ð12Þ
and the tangent modulus is derived as
Cijkl ¼ @
2W
@Eij@Ekl
¼ DI
2V
 @
2U2
@r2I
 @rI
@Eij
 @rI
@Ekl
þ @U2
@rI
 @
2rI
@Eij@Ekl
* +
2
þ DIDJ
2V
 @
2U3
@r2I
 @rI
@Eij
 @rI
@Ekl
þ @U3
@rI
 @
2rI
@Eij@Ekl
þ @
2U3
@r2J
 @rJ
@Eij
 @rJ
@Ekl
*
þ @U3
@rJ
 @
2rJ
@Eij@Ekl
þ @
2U3
@h2IJ
 @hIJ
@Eij
 @hIJ
@Ekl
þ @U3
@hIJ
 @
2hIJ
@Eij@Ekl
+
3
ð13Þ
Eqs. (12) and (13) are the constitutive relation in the ﬁnite deforma-
tion cases. In the small deformation cases, the Lagrangian strain is
reduced to the Cauchy strain, i.e. E! e, and accordingly S! r.
Then the deformed bond length can be calculated as
rI ¼ ‘0emnnmnn þ ‘0
rJ ¼ ‘0emngmgn þ ‘0
ð14Þ
According to Eq. (7), the bond angle is highly nonlinear with the
strain tensor. Its derivative with respect to strain would be extre-
mely complicated. In the small deformation cases, it can be simpli-
ﬁed by expanding bond angle into Taylor series and taking the
ﬁrst-order term as its approximate value. That is
hIJðeijÞ  hIJð0Þ þHijeij ) hIJ  hIJ0  Hijeij ð15Þ
in which
Hij ¼ h0IJð0Þ ¼ 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðnTgÞ2
q  ð2nigj  nTg  ninj  nTg  gigjÞ ð16Þ
For the detailed derivation of Eqs. (15) and (16), see Appendix C.
Substituting Eqs. (14)–(16) into Eqs. (12) and (13), the stress
tensor and the tangent modulus tensor in the small deformation
cases can be respectively derivedrij ¼ DI2V 
@U2
@rI
 ‘0ninj
 
2
þ DIDJ
2V
 @U3
@rI
 ‘0ninj þ
@U3
@rJ
 ‘0gigj þ
@U3
@hIJ
Hij
 
3
ð17Þ
and
Kijkl ¼ DI2V 
@2U2
@r2I
 ‘20ninjnknl
* +
2
þ DIDJ
2V
 @
2U3
@r2I
 ‘20ninjnknl þ
@2U3
@r2J
 ‘20gigjgkgl þ
@2U3
@h2IJ
HijHkl
* +
3
ð18Þ4. Speciﬁc constitutive relation with determined micro
parameters
4.1. Parameter calibration
Substituting Eq. (5) into Eqs. (17) and (18), the constitutive rela-
tion can be obtained. But in Eq. (5) there are totally 8 parameters,
i.e. fA; k;B; p; q; c; r0; ‘0g. The key point is that what values these
parameters should take so that the constitutive relation can repre-
sent an equivalent continuum.
To calibrate the micro parameters of Eq. (5), we ﬁrstly substi-
tute Eq. (5) into the tangent modulus function (Eq. (18)) and then
consider it under the undeformed state. By making the Hookean
matrix of Eq. (18) equal that of the linear elastic solid, the micro
parameters of bond potential can be calibrated.
In the undeformed state (rI ¼ rJ ¼ ‘0; hIJ ¼ hIJ0), by Eq. (5), the
following relationship holds
@U2
@rI
				
rI¼‘0
¼ 0) B ¼ h
2
0 þ q
h20 þ p
ð19Þ
with h0 ¼ 1 r0.
The second derivatives of U2;U3 with respect to r and hIJ are
@2U2
@r2
I
			
rI¼‘0
¼A expðh10 Þ  Bðp2þpþph20 þ2h30 Þðq2þqþqh20 þ2h30 Þ
h i
‘20
@2U3
@r2
I
			
rI¼‘0
¼0; @2U3@r2
J
				
rI¼‘0
¼0
@2U3
@h2IJ
				
hIJ¼hIJ0
¼ kexpð2ch10 Þ 2sin2 hIJ0
ð20Þ
Substituting Eq. (20) into Eq. (18), we can obtain
Kijkl
		
e¼0 ¼ kn  hninjnknli2 þ ks  hsin
2 hIJ0 HijHkli3 ð21Þ
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kn ¼ DIA2V  expðh
1
0 Þ  Bðp2 þ pþ ph20 þ 2h30 Þ  ðq2 þ qþ qh20 þ 2h30 Þ
h i
ks ¼ DIDJk2V  2 expð2ch
1
0 Þ
ð22Þ
The Hookean matrix of Eq. (21) can be written as
Xs ¼ kn XsL þ ks XsR ð23Þ
in which the Hookean matrix Xs is deﬁned as ½r11;r22;r33;
r12;r23;r31T ¼ Xs½e11; e22; e33;2e12;2e23;2e31T ; the sub-Hookean
matrixes XsL and X
s
R are respectively obtained by calculating the
integral hninjnknli2 and hsin2 hIJ0 HijHkli3.
If the micro mechanics model can represent an equivalent con-
tinuum, the following relationship should hold.
Xs ¼ Xc ð24Þ
where Xc is the Hookean matrix of the equivalent continuum.
4.1.1. 3D case
In 3D cases, by integrating hninjnknli2 and hsin2 hIJ0 HijHkli3, the
sub-Hookean matrixes XsL and X
s
R can be obtained as
XsL ¼
4p
15
3 1 1 0 0 0
1 3 1 0 0 0
1 1 3 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
2
666666664
3
777777775
; XsR ¼
128p2
225
4 2 2 0 0 0
2 4 2 0 0 0
2 2 4 0 0 0
0 0 0 3 0 0
0 0 0 0 3 0
0 0 0 0 0 3
2
666666664
3
777777775
ð25Þ
The nonzero components of the symmetrical Hooken matrix Xc of a
linear elastic continuum are
Xc11 ¼ Xc22 ¼ Xc33 ¼ Eð1mÞð1þmÞð12mÞ
Xc12 ¼ Xc13 ¼ Xc23 ¼ Emð1þmÞð12mÞ
Xc44 ¼ Xc55 ¼ Xc66 ¼ E2ð1þmÞ
ð26Þ
in which E is the Young’s modulus and m is the Poisson ratio.
By Eqs. (22)–(24) and (26), we have
12p
15  kn þ 512p
2
225  ks ¼ Eð1mÞð1þmÞð12mÞ
4p
15  kn  256p
2
225  ks ¼ Emð1þmÞð12mÞ
4p
15  kn þ 384p
2
225  ks ¼ E2ð1þmÞ
ð27Þ
By Eq. (27), the hybrid bond parameters are derived as
kn ¼ 3E4pð1 2mÞ ;
ks ¼ 45Eð1 4mÞ256p2ð1þ mÞð1 2mÞ ð28Þ4.1.2. 2D case
In 2D cases, the matrixes XmL and X
m
R are respectively
XmL ¼
p
4
3 1 0
1 3 0
0 0 1
2
64
3
75; XmR ¼ 3p24
1 1 0
1 1 0
0 0 1
2
64
3
75 ð29Þ
The Hooken matrix Xc of a linear elastic continuum in 2D cases is
Xc ¼ E0
1 m20
1 m0 0
m0 1 0
0 0 ð1 m0Þ=2
2
64
3
75 ð30Þ
in which E0 ¼ E; m0 ¼ m for plane-stress problems and
E0 ¼ E=ð1 m2Þ; m0 ¼ m=ð1 mÞ for plane-strain problems.
By Eqs. (22)–(24), (29) and (30), the micro bond parameters are
derived askn ¼ E0pð1 m0Þ ;
ks ¼ E0ð1 3m0Þ3p2ð1 m20Þ
ð31Þ
By Eqs. (22), (28), (31), the potential parameters are calibrated as
A ¼ 2V
DI

kn
c expðh10 Þ
; k ¼ V
DIDJ

ks
expð2ch10 Þ
c ¼ Bðp2 þ pþ ph20 þ 2h30 Þ  ðq2 þ qþ qh20 þ 2h30 Þ
ð32Þ4.2. Comparative analysis with VMIB and AVIB
Comparing Eqs. (28) and (31) with the stiffness coefﬁcients
in the previous works of the virtual multidimensional internal
bond (VMIB) (Zhang and Ge, 2006) and the augmented virtual
internal bond (AVIB) (Zhang and Gao, 2012), it is found that
they have the same form. This is because they have the same
physical meanings, namely that kn stands for the coefﬁcient of
stiffness due to the bond stretch whereas the ks the coefﬁcient
of stiffness due to the bond rotation. Here, the bond rotation
has excluded the rigid body rotation. The three methods (the
VMIB, the AVIB, the present study) account for the bond rota-
tion effect in the constitutive relation, but the measures they
take are different.
In the VMIB, the bond rotation is characterized by three angles
that the bond rotates towards the three coordinate axes respec-
tively. The three angles in Zhang and Ge (2006) are respectively
calculated as b1 ¼ nieijg0j; b2 ¼ nieijg00j ; b3 ¼ nieijg000j in which e is the
strain tensor of the representative volume element; g0;g00;g000 are
three vectors perpendicular to the bond vector n, g0 ¼ n ðx*
1
nÞ,
g00 ¼ n ðx*
2
nÞ, g000 ¼ n ðx*
3
nÞ with x*
i
being the unit orientation
vector of xi  axes: The energy due to the bond rotation is identi-
ﬁed as Ws ¼ ksðb21 þ b22 þ b23Þ=2. In VMIB, the energies due to the
bond stretch and the bond rotation are independent. The total en-
ergy of a given bond is calculated as
W ¼ Wn þWs ¼ knðnTenÞ=2þ ksðb21 þ b22 þ b23Þ=2, in which
knðnTenÞ=2 means the energy due to bond stretch. Here, we have
to point out that the vectors g0;g00;g000 in Zhang and Ge (2006)
are not the unit one. They should be normalized as
g0 ¼ g0=kg0k;g00 ¼ g00=kg00k;g000 ¼ g000=kg000k where kk denotes the
norm of a vector.
In the AVIB, the rotation angle of a given bond n is directly cal-
culated as b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nTeTen ðnTenÞ2
q
and the bond stretch is calculated
as Dn ¼ nTen‘0 with ‘0 being the undeformed bond length. Through
the Xu–Needleman potential (Xu and Needleman, 1994), the en-
ergy of this given bond is identiﬁed as WðDn; bÞ ¼
/n  /n expðDn=dnÞð1þ Dn=dnÞ½1 qþ q expðb2‘20=d2t Þ where
/n; q; dn; dt are the micro parameters. In the AVIB, the energies
due to the bond stretch and the bond rotation are no longer inde-
pendent, but coupled together.
It is noted that in both the VMIB and the AVIB, the rotation ef-
fect of a given bond is independently accounted. However, in the
present study, the bond rotation is accounted in a coupled manner.
The bond rotation effect in the present study is related to all the
bond angles subtended by this given bond and other bonds, which
makes the bonds in a representative volume element coupled to-
gether. According to Eq. (4), the energy of a given bond rI due to
bond rotation is identiﬁed as WIs ¼
PN2
J–I U3ðrI; rJ; hIJÞ. Through the
SW potential, the energy of the representative volume element is
calculated as Eq. (4).
From the above analysis, it is obvious that the present study, the
VMIB and the AVIB take different ways to characterize the bond
rotation. Besides the characterization of bond rotation, the bond
Z. Zhang et al. / International Journal of Solids and Structures 51 (2014) 1542–1554 1547energy potentials they employed are also different, namely that the
VMIB takes the linear elastic potential, the AVIB takes the Xu–Nee-
dleman potential and the present study takes the SW potential.
Different potential reveals different micro fracture mechanism.
Thus, strictly speaking, the AVIB and the present study are not
the nonlinear cases of VMIB since the bond rotation
characterizations are different in the three methods. They take
different ways to account for the bond rotation effect and incorpo-
rate different micro fracture mechanisms into their constitutive
relation.
4.3. Constitutive relation with determined parameters
Substituting Eqs. (5) and (32) into Eqs. (17) and (18) respec-
tively, we have the stress tensor
rij ¼ 1c 
knhf1  ninji2 þ
1
2
 kshf2  ninj þ f3  gigj þ f4 Hiji3 ð33Þ
in which
f1 ¼ expðh1I  h10 Þ Bp~rp1I þ q~rq1I

 
 h2I B~rpI  ~rqI
 h i
f2 ¼ exp ch1I þ ch1J  2ch10

 
cos hIJ  cos hIJ0
 2 ch2I
 
f3 ¼ exp ch1I þ ch1J  2ch10

 
cos hIJ  cos hIJ0
 2 ch2J
 
f4 ¼ exp ch1I þ ch1J  2ch10

 
 2 cos hIJ  cos hIJ0
 ð sin hIJÞ
~rI ¼ nTenþ 1; ~rJ ¼ gTegþ 1
hI ¼ nTenþ 1 r0; hJ ¼ gTegþ 1 r0; h0 ¼ 1 r0
ð34Þ
and the tangent modulus
Kijkl ¼ 1c 
knhg1  ninjnknli2 þ
1
2
 ks g2  ninjnknl
 þ g3  gigjgkgl
þ g4 HijHkl

3 ð35Þ
in which
g1 ¼ expðh1I  h10 Þ Bpðpþ 1Þ~rp2I  qðqþ 1Þ~rq2I
h
þ 2h2I ðBp~rp1I  q~rq1I Þ þ ðh4I þ 2h3I ÞðB~rpI  ~rqI Þ
i
g2 ¼ expðch1I þ ch1J  2ch10 Þðcos hIJ  cos hIJ0Þ2ðc2h4I þ 2ch3I Þ
g3 ¼ expðch1I þ ch1J  2ch10 Þðcos hIJ  cos hIJ0Þ2ðc2h4J þ 2ch3J Þ
g4 ¼ expðch1I þ ch1J  2ch10 Þ  2ð1 2 cos2 hIJ þ cos hIJ0 cos hIJÞ
ð36Þ0 2 4 6
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Fig. 4. Stress–strain curves under uniaxial, biaxial and triaxial tension with parameter
uniaxial strain et  0:0036 and rb ¼ Eet ¼ 10:0 3:6 ¼ 36:0 MPa. The uniaxial tensile str
and rb ¼ Eet ¼ 10:0 300:0 ¼ 3000:0 MPa. The uniaxial tensile strength is about 900:0From Eqs. (33) and (35), we can ﬁnd that such parameters as the
volume of representative element, bond length, particle number,
have been automatically eliminated from the ﬁnal constitutive
relation.
4.4. Inﬂuence of micro parameters on macro stress–strain response
For a given material, Young’s modulus and Poisson ratio are
determined. So in the constitutive relation (Eqs. (33) and (35)),
there are four independent parameters in all, i.e. fp; q; c; r0g. The
four parameters govern the shape of the stress–strain curve. So,
we call them the shape parameters. We take E ¼ 10:0 GPa;m ¼ 0:2
as example. Referring to Lennard–Jones potential, we take p ¼ 12,
q ¼ 6. When taking the shape parameters p ¼ 12, q ¼ 6,
r0 ¼ 1:05, c ¼ 0:8; the corresponding normalized stress–strain
curves under uniaxial, biaxial and triaxial tension are shown in
Fig. 4a. Deﬁne et as the critical strain which corresponds to the
strain value at the uniaxial peak-stress. The et is calibrated as
et ¼ 0:0036 through the simulated uniaxial stress–strain curve.
From Fig. 4a it is seen that the three stress–strain curves agree with
the tensile behaviors of the typical engineering material in that in
the pre-peak stage, the stress increases with increasing strain
whereas smoothly decreases with further increasing strain in the
post-peak stage. In the present constitutive model, the triaxial ten-
sion strength is a little bit higher than the uniaxial tension
strength.
However, when we keep other shape parameters ﬁxed and in-
crease r0 from 1.05 to 5.0, the corresponding stress–strain curves
are shown in Fig. 4b. In Fig. 4b, a strong ‘ductile’ behavior is ob-
served in the uniaxial curve in which the three-body interaction
comes into play while no ‘ductile’ behavior is observed in the triax-
ial curve in which the three-body interaction does not play. So, we
can conclude that the three-body interaction dominates the post-
peak behavior. The r0 controls the ‘brittle’ or the ‘ductile’. If the
r0 takes a bigger value, say 5.0, the ductile behavior can be repro-
duced while takes a smaller value, the brittle behavior is produced.
It is very important for the parameter calibration when applying
the present method.
According to Eq. (5), increasing the cutoff radius r0 can diminish
the effect of the cutoff functions exp½1=ð~r  r0Þ and exp½c=ð~r  r0Þ.
In the extreme case where no cutoff term is considered in the two-
and three-body interaction, i.e. U2ð~rIÞ ¼ AðB~rpI  ~rqI Þ and
U3ð~rI;~rJ; hIJÞ ¼ kðcos hIJ  cos hIJ0Þ2, the et at the ﬁrst-peak stress is
dependent on p; q. When p ¼ 12; q ¼ 6, the calibrated et is approx-
imately et  0:32. When r0 is smaller, both the et and the uniaxial
tensile strength increase with increasing r0. Fig. 5a Conﬁrms this0 1 2 4 6 8
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s E ¼ 10:0 GPa, m ¼ 0:2, p ¼ 12, q ¼ 6, c ¼ 0:8, (a) r0 ¼ 1:05 (the calibrated critical
ength is about 13:7 MPa); (b) r0 ¼ 5:0 (the calibrated critical uniaxial strain et  0:3
MPa).
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Fig. 5. Inﬂuence of micro parameters on uniaxial tensile stress–strain response (a) effect of r0 (p ¼ 12; q ¼ 6; c ¼ 0:8); (b) effect of c (p ¼ 12; q ¼ 6; r0 ¼ 1:05); (c) effect of q
(p ¼ 12; r0 ¼ 1:05; c ¼ 0:8); (d) effect of p (q ¼ 6; r0 ¼ 1:05; c ¼ 0:8). (In all cases, E ¼ 10:0 GPa, m ¼ 0:2.)
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strength approach to their upper bound. It is noted that when
r0 ¼ 5:0, the critical strain is et  0:3, which is close to its upper
bound et  0:32 and the corresponding uniaxial strength is about
900 MPa.
Figs. 5b and c display the inﬂuence of the shape parameters
c; q; p at r0 ¼ 1:05. From Fig. 5b, an interesting phenomenon is ob-
served namely that both the et and the uniaxial tensile strength in-
crease with decreasing cwhen the c is smaller than a certain value.
And the uniaxial stress–strain curve becomes strongly ‘ductile’
when c is smaller than a certain value. In contrast to the r0 and
c; the p; q seem to have no inﬂuence on the stress–strain response
when they varies between 6 and 16 in the case of r0 ¼ 1:05 and
c ¼ 0:8, shown as Fig. 5c and d. Fig. 5 provides a valuable reference
for the parameter calibration in using the present method.
5. Constitutive relation based on linear SW potential
5.1. Constitutive relation
The bond length and the bond angle are two quantities that
characterize the energy of a discrete system governed by SW po-
tential. The SW potential is a nonlinear function of the two quan-
tities. In the linear elastic case, the two- and three-body potential
can be written as
U2 ¼ 12AðrI  ‘0Þ2
U3 ¼ 12 kðhIJ  hIJ0Þ2
ð37Þ
Substituting Eq. (37) into Eqs. (17), (18), we have the stress
tensor
rij ¼ kn=‘20  hðrI  ‘0Þ‘0  ninji2 þ ks  hðhIJ  h0IJÞ Hiji3
¼ kn  hnTen  ninji2 þ ks  hðH : eÞ Hiji3 ð38Þand the tangent modulus tensor
Kijkl ¼ kn  hninjnknli2 þ ks  hHijHkli3 ð39Þ
in which
kn ¼ DI‘
2
0A
2V
; ks ¼ DIDJk2V ð40Þ5.2. Parameter calibration
5.2.1. 3D-Case
In 3D cases, the sub-Hookean matrix XsR by integrating the term
hHijHkli3 of Eq. (39) is
XsR ¼
32p2
45
4 2 2 0 0 0
2 4 2 0 0 0
2 2 4 0 0 0
0 0 0 3 0 0
0 0 0 0 3 0
0 0 0 0 0 3
2
666666664
3
777777775
ð41Þ
By the same calibration process as the Section 4.1, the parameters
are calibrated as
kn ¼ 3E4pð1 2mÞ ;
ks ¼ 9Eð1 4mÞ64p2ð1þ mÞð1 2mÞ ð42Þ5.2.2. 2D-Case
In 2D-cases, the sub-Hookean matrix XsR by integrating the term
hHijHkli3 is
XmR ¼ p2
1 1 0
1 1 0
0 0 1
2
64
3
75 ð43Þ
Fig. 8. Simulated fracture trajectory in the four-point-bend test (a) overview; (b) fract
(corresponding to the Type 2).
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Fig. 9. Simulation object for dynamic fracture growth (a) dimensions (Unit: mm)
and boundary conditions, the thickness B = 25.4 mm; (b) illustration of meshing
scheme.
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Fig. 7. The calibrated uniaxial stress–strain curve for four-point-bend test
simulation.
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kn ¼ E0pð1 m0Þ ;
ks ¼ E0ð1 3m0Þ4p2ð1 m20Þ
ð44Þ
From the parameter calibration process, it is interesting to note
that though the integrand of Eq. (39), say HijHkl, is different from
that of Eq. (21), say sin2 hIJ0 HijHkl, their Hookean matrixes com-
bined with the that of hninjnknli2 are consistent with the Hookean
matrix of the linear elasticity. Therefore, a corresponding relation-
ship between the micro bond parameters and macro material con-
stants exists.ure zoomed in; (c) the experimental observation reported in Galvez et al. (1998)
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Fig. 10. The uniaxial stress–strain curves. (The reference stress–strain curve is
rebuilt by the given parameters and Eq. (B.5) of Song et al. (2006)).
Fig. 11. Crack growth process at the (a) 286th ls; (b) 312th ls; (c) 325th ls; (d) 345th
those at the right column are the conﬁguration of nodes with displacement magniﬁed 1
1550 Z. Zhang et al. / International Journal of Solids and Structures 51 (2014) 1542–1554Based on the linear SW potential (Eq. (37)), we could develop
different nonlinear angle-dependent potentials for materials. Eqs.
(42) and (44) provide the corresponding micro–macro parameter
relationship for the developed angle-dependent potentials.
6. Applications to fracture simulation
6.1. Fracture growth in concrete under quasi-static load
To examine whether the present method can be used to mate-
rial other than the silicon, we use it to simulate a four-point-bend
test of concrete (Fig. 6a) reported in Galvez et al. (1998). The tetra-
hedral element is adopted and the meshing scheme is shown in
Fig. 6b, in which the total element number is 5161 and the total
node number is 2674.
According to the parameters provided in Galvez et al. (1998):
Young’s modulus E ¼ 38:4 GPa and the uniaxial tensile strength(a)
(b)
(c)
(d)
(e)
ls; (e) 385th ls (the pictures at the left column are the extended crack faces while
000 times.).
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taking m ¼ 0:12, p ¼ 12, q ¼ 6, and c ¼ 0:8. The calibrated stress–
strain relationship is shown in Fig. 7, according to which
et ¼ 2:0276 104 and the corresponding uniaxial tensile strength
is ft ¼ 2:78 MPa.
Take the displacement-control loading scheme with each step
0.0002 mm. The simulated fracture trajectory is shown in
Fig. 8a and b. From Fig. 8a and b, it is seen that the fracture grows
towards the right side and curves up-wards, which agrees with
experimental observation (Fig. 8c Type 2) reported in Galvez
et al. (1998). This suggests that the present method can capture
the characters of the fracture growth in quasi-brittle material.6.2. Dynamic fracture growth in concrete under impact load
To further examine the application of the present method to
other materials, we use it to simulate a 3D beam of concrete
(Fig. 9a) with an offset crack under the impact load, reported in
John (1988), Belytschko and Tabbara (1996), Song et al. (2006).
The beam is subjected to the velocity (Belytschko and Tabbara,
1996)
v0ðtÞ ¼
v1t=t1 for t 6 t1
v1 for t > t1

ð45Þ
at the upper edge shown as Fig. 9a, where t1 ¼ 1:96 104 s.
The tetrahedral element is used. The meshing scheme is illus-
trated in Fig. 9b. The node number is 5899 and the element
number is 30,053. To calibrate the input parameters of the present
method, we ﬁrstly rebuilt the uniaxial tensile stress–strain rela-
tionship according to the provided parameters and Eq. (B.5) of
Song et al. (2006). And then according to this stress–strain curve,
we calibrated the input parameters as: E ¼ 50:0 GPa, r ¼ 1:0103,
m ¼ 0:2; p ¼ 12, q ¼ 6, c ¼ 0:8. The rebuilt and the calibrated uniax-
ial stress–strain relationships are shown in Fig. 10, according to(a)
(b)
Fig. 12. The ﬁnal crack face (a) the crack face zoomed in at the 385th ls; (b) the crack fa
trajectories observed in the experiment (John, 1988; Belytschko and Tabbara, 1996).which the calibrated et ¼ 1:6166 104 and the uniaxial tensile
strength rb ¼ 2:895 MPa.
According to Fig. 10, it can be found that when the deformation
is approximately smaller than 0:5et , the stress–strain relationship
is almost linear. To reduce the computation burden, we only adopt
the present constitutive relation when the ﬁrst principle strain of
element is bigger than 0:5et . For the elements whose ﬁrst principle
strain of element is smaller than 0:5et , we use the linear elastic
constitutive relation. In this simulation, we use the explicit inte-
gration scheme and take time interval Dt ¼ 0:05 ls. Because no
separate fracture criterion is adopted in the present paper, the
fracture surface is approximately presented by the array of the
overstretched elements. The overstretched element, here, refers
to such element whose ﬁrst principle strain exceeds 5et . Fig. 11
shows the fracture growth process. From Fig. 11 it is seen that
the crack begins to grow approximately at the 286th ls and the
whole growth process lasts approximate 100 ls. The fracture
grows towards the impact point. The simulated starting time of
fracture growth is earlier than that simulated in Song et al.
(2006). This is because no any regularization method is adopted
in the present paper so that the fracture energy could not be
preserved during the element softening. The present constitutive
relation is a strain-softening one. The common feature of the
strain-softening constitutive models is that they suffer from the
element size sensitivity problem. To remedy the element size
sensitivity problem, many regularization methods have been pro-
posed, e.g. Zhang and Gao (2012). The main purpose of the present
example is to check whether the present method can simulate the
fracture propagation, so we do not introduce the regularization
method in the present paper.
It is interesting to note that the crack frontier does not move
smoothly forwards at the ﬁrst half propagation process, but jum-
ply, shown in Fig. 11a and b. This might result from the fact that
amount of stain energy stored in the specimen tends to release
quickly when the crack starts to grow. At this stage, the crack(c) 
ce viewed from the lateral side of specimen at the 385th ls; (c) the sketch of crack
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Fig. 13. Crack growth speed (the average speed over 1:5 ls).
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propagation process, the crack frontier moves forwards more
smoothly, shown in Fig. 11c–e. And at this stage, the crack grow
speed becomes lower, indicated as Fig. 13.
The ﬁnal extended crack surface is shown as Fig. 12a, from
which it is seen that the crack surface is not smooth, but a rough
one. The rough crack surface created in the fracture experiment
of quasi-brittle materials is very popular. The crack trajectory
viewed from the lateral side of specimen (Fig. 12b) is similar to
that (Fig. 12c) observed in the experiment (John, 1988; Belytschko
and Tabbara, 1996).
The 3D fracture simulation is quite different from the 2D case. It
is difﬁcult to directly obtain the line speed of crack growth. To ob-
tain the line speed of crack growth, we ﬁrstly get the average crack
face creation speed over the time interval 30Dt ¼ 1:5 ls. Then
dividing the crack face creation speed with the thickness
(25.4 mm) of specimen, we obtain the line speed of the crack
growth, shown in Fig. 13. From Fig. 13 it is seen that the crack grow
faster at the ﬁrst half propagation process than the second half pro-
cess generally. During the whole propagation process, the crack
speed is not constant, but ﬂuctuated, The ﬂuctuation of dynamic
crack growth speed can be found in many literatures, e.g. Song
et al. (2006).
According to this dynamic fracture example, it is suggested that
the present method can capture most of the characters of the dy-
namic crack propagation.7. Conclusion remarks
The original SW potential is modiﬁed in that the value of the
bond angle in the reference conﬁguration, not the ‘ideal’ tetrahe-
dral angle, is taken as the reference value of this bond angle in
the current conﬁguration. Based on this modiﬁed SW potential, a
constitutive model is developed. By this method, the micro fracture
mechanism invoked in the SW potential is incorporated into the
constitutive relation. It is found that the Hookean matrix derived
from the modiﬁed SW potential matches that of the linear elastic
material. This suggests that there exists a corresponding relation-
ship between the physical parameters of SW potential and the
material constants. And the corresponding relationship has been
derived.
The SW potential incorporated constitutive model can repro-
duce the brittle and ductile behaviors, depending on its input
parameters. The application example of the present method to
simulating fracture growth in concrete suggests that the present
method can capture most of the characters of the fracture propaga-
tion in the quasi-brittle materials both in dynamic and static load.The constitutive model based on the modiﬁed SW potential can
be used to materials other than the silicon materials. It provides a
new constitutive model for fracture analysis of nonlinear elasticity.
Moreover, the derived micro–macro parameter relationship pro-
vides a parameter calibration method for SW potential.
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Appendix A
The ﬁrst derivatives of U2;U3 with respect to bond length r and
bond angle hIJ are
@U2
@rI
¼ A  expðh1I Þ Bp~rp1I þ q~rq1I

 
 h2I B~rpI  ~rqI
 h i  1
‘0
@U3
@rI
¼ kðcos hIJ  cos hIJ0Þ2 expðch1I Þ expðch1J Þ  ðch2I Þ  1‘0
@U3
@rJ
¼ kðcos hIJ  cos hIJ0Þ2 expðch1I Þ expðch1J Þ  ðch2J Þ  1‘0
@U3
@hIJ
¼ k expðch1I Þ expðch1J Þ  2ðcos hIJ  cos hIJ0Þð sin hIJÞ
ðA:1Þ
and the second derivatives of U2;U3 with respect to r and hIJ are
@2U2
@r2I
¼A expðh1I Þ Bpðpþ1Þ~rp2I qðqþ1Þ~rq2I
h
þ2h2I ðBp~rp1I q~rq1I Þþðh4I þ2h3I ÞðB~rpI ~rqI Þ
i
 1
‘20
@2U3
@r2I
¼ kðcoshIJcoshIJ0Þ2 expðch1J Þexpðch1I Þðc2h4I þ2ch3I Þ 
1
‘20
@2U3
@r2J
¼ kðcoshIJcoshIJ0Þ2 expðch1I Þexpðch1J Þðc2h4J þ2ch3J Þ 
1
‘20
@2U3
@h2IJ
¼ kexpðch1I Þexpðch1J Þ 2ð12cos2 hIJþcoshIJ0 coshIJÞ ðA:2ÞAppendix B
If the bonds are uniformly distributed and the bond number X
is large enough, the bond distribution density DI is a constant,
which can be determined as
R 2p
0
R p
0 DI sina  dadu ¼ X) DI ¼ X4p in 3D-caseR 2p
0 DI ¼ X) DI ¼ X2p in 2D-case
ðB:1Þ
By Eq. (B.1), the bond number in the small volume sina  DaDu in
the spherical coordinates is DI sina  DaDu, in which the intervals
Da;Du are Da ¼ p=M, Du ¼ 2p=Q with M;Q being the interval
number in the coordinates a;u, respectively, shown in Fig. B1. So
the ﬁrst term of Eq. (8) can be written as
1
V
 1
2

XNðN1Þ
I¼1
U2ðrIÞ ¼ 12V
XQ
q¼1
XM
m¼1
U2ðnðam;uqÞÞDI sinam  DaDu
¼ 1
2V
Z 2p
0
Z p
0
U2ðnðam;uqÞÞDI sina  dadu if
M !1;Q !1 ðB:2Þ
in which DI ¼ NðN  1Þ=ð4pÞ.
Fig. B1. Bond distribution discretization in which the bond sphere is equally discretized into M intervals with the dimension a and Q intervals with the dimension u.
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1
V
1
2

XNðN1Þ
I¼1
XN2
J–I
U3ðrI ;rJ ;hIJÞ
¼ 1
2V
XNðN1Þ
I¼1
XN2
J–I
U3ðnI ;gJÞ
¼ 1
2V
XNðN1Þ
I¼1
XQ
q¼1
XM
m¼1
U3ðnIða;uÞ;gðam; uqÞÞ DJ sin am DaD u
" #
¼ 1
2V
XNðN1Þ
I¼1
Z 2p
0
Z p
0
U3ðnIða;uÞ;gða; uÞÞDJ sin a dad u
 
¼ 1
2V
XQ
q¼1
XM
m¼1
Z 2p
0
Z p
0
U3ðnðam;uqÞ;gða; uÞÞDJ sin a dad u
 
DI sinam DaDu
¼ 1
2V
Z 2p
0
Z p
0
Z 2p
0
Z p
0
U3ðnða;uÞ;gða; uÞÞDJ sin a dadu
 
DI sina dadu
¼ 1
2V
Z 2p
0
Z p
0
Z 2p
0
Z p
0
U3ðnða;uÞ;gða; uÞÞ DIDJ sin a sina dadudadu
ðB:3Þ
in which DJ ¼ ðN  2Þ=ð4pÞ.
By the same way, in 2D cases, the ﬁrst term of Eq. (8) can be
written as
1
V
1
2

XNðN1Þ
I¼1
U2ðrIÞ¼ 12V
XM
m¼1
U2ðnðamÞÞDI Da¼ 12V
Z 2p
0
U2ðnðaÞÞDI da if M!1
ðB:4Þ
and the second term of Eq. (8) can be written as1
V
1
2

XNðN1Þ
I¼1
XN2
J–I
U3ðrI;rJ ;hIJÞ¼ 12V
XNðN1Þ
I¼1
XN2
J–I
U3ðnI;gJÞ
¼ 1
2V
XNðN1Þ
I¼1
XM
m¼1
U3ðnIðaÞ;gðamÞÞ DJ Da
" #
¼ 1
2V
XNðN1Þ
I¼1
Z 2p
0
U3ðnIðaÞ;gðaÞÞDJda
 
¼ 1
2V
XM
m¼1
Z 2p
0
U3ðnðamÞ;gðaÞÞDJda
 
DI Da
¼ 1
2V
Z 2p
0
Z 2p
0
U3ðnðaÞ;gðaÞÞDJDI dada
ðB:5Þ
in which DI ¼ NðN  1Þ=ð2pÞ; DJ ¼ ðN  2Þ=ð2pÞ.
By Eqs. (B.2)–(B.5), Eq. (9) can be obtained.Appendix C
Let
T ¼ TðEÞ ¼ 2n
TEgþ nTgﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2nTEnþ nTn
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2gTEgþ gTg
p ¼ Q12ﬃﬃﬃﬃﬃﬃﬃﬃQ11p  ﬃﬃﬃﬃﬃﬃﬃﬃQ22p ðC:1Þ
in which the scalars Q12, Q11 and Q22 are respectively
Q12 ¼ 2npEpqgq þ nmgm
Q11 ¼ 2npEpqnq þ nmnm
Q22 ¼ 2gpEpqgq þ gmgm
ðC:2Þ
1554 Z. Zhang et al. / International Journal of Solids and Structures 51 (2014) 1542–1554According to Eq. (7), the angle hIJ can be calculated as
hIJðEÞ ¼ arccosðTÞ ðC:3Þ
The ﬁrst derivative of hIJðEÞ with respect to E is
@hIJ
@Eij
¼  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 T2
p  @T
@Eij
¼  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 T2
p  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q11Q22
p 2nigj  Q12Q11  ninj 
Q12
Q22
 gigj
 
ðC:4Þ
Under the undeformed state, according to Eqs. (C.1) and (C.2), the
following relationship holds
T ¼ Q12 ¼ nTg; Q11 ¼ 1; Q22 ¼ 1 ðC:5Þ
By Eqs. (C.4) and (C.5), Eq. (16) can be obtained.
Appendix D. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.ijsolstr.2014.01.
003.
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